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New experiments + new theory = (?) new physics

muon anomaly aµ provides important test of the SM

I BNL E821: aexpµ accuracy is 0.54 ppm

I Fermilab E989, start is ∼ 3 years away, goal is 0.14 ppm

I J-PARC E34

I aµ(Expt)-aµ(SM) = 287(63)(51) (×10−11), or ∼ 3.6σ
I If both central values stay the same,

I E989 (∼ 4× smaller error) →∼ 5σ
I E989+new HLBL theory (models+lattice, 10%) →∼ 6σ
I E989+new HLBL +new HVP (50% reduction) →∼ 8σ

I Big discrepancy! (New Physics ∼ 2× Electroweak)

I Lattice calculations crucial
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The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

γµ → Γµ(q) =

(
γµ F1(q2) +

i σµν qν
2m

F2(q2)

)

which results from Lorentz and gauge invariance when the muon is
on-mass-shell.

F2(0) =
g − 2

2
≡ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)
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The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding Γµ(q2) in QED coupling constant

α =
e2

4π
=

1

137
+ . . .

Corrections begin at O(α); Schwinger term = α
2π = 0.0011614 . . .

hadronic contributions ∼ 6× 10−5 times smaller (leading error).
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Hadronic vacuum polarization (HVP) (α2)

+
The blobs, which represent all possible intermediate hadronic
states, are not calculable in perturbation theory, but can be
calculated from

I dispersion relation + experimental cross-section for

e+e−(and τ)→ hadrons a
had(2)
µ = 1

4π2

∫∞
4m2

π
ds K (s)σtotal(s)

I first principles using lattice QCD,

a
(2)had
µ =

(
α
π

)2 ∫∞
0 dQ2 f (Q2) Π(Q2) [Lautrup and de Rafael 1969, Blum 2002]
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aµ(HVP) lattice results

aµ Nf errors action group

713(15) 2+1 stat. Asqtad Aubin, Blum (2006)
748(21) 2+1 stat. Asqtad Aubin, Blum (2006)
641(33)(32) 2+1 stat., sys. DWF UKQCD (2011)
674(21)(18) 2+1+1 stat., sys TM ETMC (2013)
572(16) 2 stat. TM ETMC (2011)
618(64) 2(+1)1 stat., sys. Wilson Mainz (2011)

Exp.

692.3 (4.2) e+e− Davier, et al. (2011)
694.9 (4.3) e+e− Hagiwara, et al. (2012)
701.5 (4.7) e+e−+τ Davier, et al. (2011)

1strange quark is quenched
Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of the hadronic contributions to the muon anomalous magnetic moment



Motivation and Introduction
The hadronic vacuum polarization (HVP) contribution (O(α2))

The hadronic light-by-light (HLbL) contribution (O(α3))
Summary/Outlook

aµ(HVP) integrand: low momentum region

Finite volume → minimum finite momentum
Integral dominated by low Q2 ∼ m2

µ region. Stat. errors larger too
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Figure 4: Value of the fit parameter am1 in fits using the ansatz (3.4) on the β = 2.25 lattice
at amu = 0.004. The vector mass amV as determined on this lattice is shown in green. Note
in the fit where m1 was fixed, it was only constrained to lie within the green band. It is clear
that for a high Q2

C , m1 will emerge at the upper limit of the band, indicating some tension
between the fit-form and the data, but as can be seen in Fig. 3, this has very little impact on
the goodness of the fit.

a precise result for this quantity, and this must be combined with the use of twisted
boundary conditions [14] in order to access data at lower values of the lattice momentum.
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Figure 5: Examples of the integrand in the rescaled integral (3.6).

10

ABGP [Aubin, et al., arXive:1205:3695] UKQCD [arXive:1107.1497]
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aµ(HVP) Reducing statistical errors: All Mode Averaging
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Vacuum polarization function in Nf=2+1 domain-wall fermion 
Eigo Shintani (RIKEN-BNL), Hyung-Jin Kim (BNL), Thomas Blum (Connecticut Univ.) and  

Taku Izubuchi (BNL) 

1. Introduction 
   This study proposes to precisely compute the leading order of 

hadronic contribution to muon anomalous magnetic moment (g-2) 

and the strong coupling constant using the vacuum polarization 

function (VPF) of vector-vector current. The high precision of 

these observables is important for the precise test of the standard 

model (SM) and the search of beyond SM. 

2. Error reduction technique 
* All-mode-averaging (AMA) 

  The improved estimator for original functional O is defined as  

 

 
where O(appx) is approximated function whose computational cost 

is much cheap. g indicates the lattice transformation of the 

symmetry G. For instance we employ the translational invariance, 

O(appx),g(x,y)=O(appx)(xg,yg). In AMA the approximation functional 

is defined using the combination of deflation and sloppy CG  

 

 

in which there are two parameters, Nl (number of low-mode) and 

e (stopping condition) are parameters controlling the quality of 

approximation and computational cost [1].  

[1] T. Blum, T. Izubuchi, E. Shintani, arXiv:1208.4349 [hep-lat] 

3. Vacuum polarization function 
   In this calculation the vacuum polarization function is given by 

the correlator of conserved-local vector current. In this case the 

correlator in momentum space is expanded as 

 

 

This correlator is satisfied with Ward-Takahashi (WT) identity 

only for conserved current:  

Using the expansion,  

 

and thus 

 

 
VPF the chi-squared fitting (constant fit) procedure to obtain VPF 

from lattice data of vector-vector correlator. 

4. Numerical results in Nf=2+1 DWF 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Lattice size 1/a (GeV)  mu Mp (GeV) Nl #conf 

243×64 1.73 0.005, 0.01 0.33, 0.42 140 200 

323×64 2.23 0.004, 0.006 0.28, 0.33 140 100 

5. Preliminary results: as  
    The strong coupling constant in Msbar scheme is provided by 

the QCD perturbative formula and non-perturbative condensate 

of operator. We use the fitting function based on the QCD 

perturbative formula up to 3-loop order 

 

 

 
with lm=ln(m2/Q2), and mq(m) is used in non-perturbatively 

renormalized mass in Msbar at m = 2 GeV.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Analytic formula (up to as
3 ) : C0 , Cm  

Fitting parameter                   : as(m
2), c,  

Figure 1: (Left) VPF at m=0.005 in 243×64 as a function of Q2=-q2 and 

solid line shows the fitting function with perterbative QCD. (Right) The 

difference between lattice data and fitting function 

a-1(GeV)  as/p c2/dof 

1.73 0.0816(5) 0.2465(35) 0.256(fix) 0.201(3) 1.1 

2.23 0.0816(3) 0.2462(22) 0.256(fix) 0.496(11) 2.6 

1.83[2] 0.0817(6) 0.247(5) 0.242(fix) -0.020 (2) 2.8 

1.73 0.0817(5) 0.2474(34) -0.260(30) 0.206(35) 1.2 

2.23 0.0838(14) 0.2614(94) -0.359(50) 0.862(242) 1.1 

∞ 0.2805(226) 

Table : The results of simultaneous fitting parameters using VPF lattice 

data in two cut-off scale. The fitting region is [0.9, 1.81] GeV2. 

  Matching with different number of flavor at renormalized 

charm and bottom quark mass using the four loop formula, we 

obtain as(MZ) = 0.1203(14)stat(??)sys , which seems comparable 

with JLQCD’s result 0.1181(3)(+14
-12) [2]. 

  Careful estimate of systematic errors is on-going.   
[2] E. Shintani, et al.(JLQCD), PRD82, 074505 (2010). 

5. Preliminary results: muon g-2 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Lattice mu PV(0) a0 a1 b1 c2/dof 

243×64 0.005 0.1752(2) 0.0325(2) 0.0407(1) 0.139(1) 2.7(4) 

0.01  0.1603(2)  0.0219(3) 0.0434(4) 0.408(7) 0.4(1) 

323×64 0.004 0.197(2) 0.026(3) 0.052(3) 0.227(37) 0.08(7) 

0.006 0.190(3) 0.027(7) 0.043(11) 0.253(25) 0.4(5) 

[4] C.Aubin, et al., PRD86, 054509 (2012). [5] P. Boyle, et al. PRD85,074504(2012) 

   We try to fit the VPF in 

low-energy region with Pade 

approximation as shown in 

[3]. We use the formula as 

a0,1 and b1 are free parameters. 

c2 fitting  is working well.  

In AMA the approximation functional is constructed by fixed CG 

iteration as 120, and NG = 32. (2 spatial, 4 temporal separation).  

ni = 1, n4 = 0 

ni = 0, n4 = 3 

ni = 0, n4 = 4 

ni = 2, n4 =0 

• Constraint on momentum 

    To avoid lattice artifacts, 

we also exclude the 

momentum which is skewed 

into one-direction: 

Ref [5] has also shown the VMD fitting results using the same 

ensemble. Comparison with their results is underway.  

Use AMA, 1400 LM / 704 sources, 483 × 144 (MILC), 20 configs,
2.6-20 × error reduction for same cost!. RBC/UKQCD preliminary
DWF results also show large error reduction (see Shintani, Lattice 2013).
[AMA method: Blum, Izubuchi, Shintani, Phys. Rev. D 88, 094503 (2013)]
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aµ(HVP) errors

Controlling errors at the 1% level

I Q2 dependence
I All mode averaging (AMA) (statistics) Phys. Rev. D 88, 094503 (2013)

I Twisted BC’s or large box Mainz; Aubin etal, Phys. Rev. D 88, 074505 (2013)

I Pade approximants for model independent fits PRD 86 054509 (2012)

I avoid fit, analytic cont. (Ji and Jung, DESY+KEK, Mainz)

I physical quark masses / large boxes

I disconnected diagrams / isospin breaking

I charm contribution

Will give confidence that dispersive calculation is right
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RBC/UKQCD calculation of the HVP

I physical u,d,s quarks and quenched c

I large volume: 48 ∗ 0.114 = 5.47 fm box (2× in t dir)
(qmin = 0.113 GeV)

I Use AMA+random Z2 noise sources

I twisted b.c. for valence quarks for q2 = 0

I eventually 0.086 fm ensemble as well

I Disconnected quark loop diagrams (Hyung-Jin Kim, others)

I Calculation starting on FNAL bc cluster
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HLbL (α3)

+ + ...
Blobs: all possible hadronic states

Model estimates put this O(α3) contribution at
about (10−12)×10−10 with a 25-40% uncertainty

No dispersion relation a’la vacuum polarization

Lattice regulator: model independent, approxima-
tions systematically improvable

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of the hadronic contributions to the muon anomalous magnetic moment



Motivation and Introduction
The hadronic vacuum polarization (HVP) contribution (O(α2))

The hadronic light-by-light (HLbL) contribution (O(α3))
Summary/Outlook

HLbL: QCD+QED on the lattice
2

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.

the vacuum expectation value of an operator involving
quark fields requires the inversion of the quark Dirac op-
erator Dmq

[
UQCD

]
for each gluon field (QCD configu-

ration), UQCD. The cost of inversion of this operator
for every pair of source and sink points on the lattice
is prohibitive since it requires solving the linear equa-
tion Dmq

[
UQCD

]
xr = br for Nsites number of sources,

br, where Nsites is the total number of lattice points. In
most problems, such as hadron spectroscopy, all of these
inversions are not necessary. For our problem, the corre-
lation of four electromagnetic currents must be computed
for all possible values of two independent four-momenta.
This implies (3 × 4 × Nsites)

2 separate inversions, per
QCD configuration, quark species, and four-momentum
of the external photon to calculate the connected diagram
in Fig. 2, which is astronomical. Therefore, a practical
method with substantially less computational cost is in-
dispensable.

A non-perturbative QCD+QED method which treats
the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [9],

〈ψ(t′,p′) jµ(top,q)ψ(0,p)〉HLbL

= −
∑

q=u,d,s

(Qqe)
2
∑

k

{〈
γµSq(top,−q; k)γνSq(k; top,−q)

δνρ

k̂2
G(t′,p′;−k)γρG(−k; 0,−p)

〉
QCD+QED

−〈γµSq(top,−q; k)γνSq(k; top,−q)〉QCD+QED

δνρ

k̂2
〈G(t′,p′;−k)γρG(−k; 0,−p)〉QED

}
, (1)

where ψ annihilates the state with muon quantum num-
bers, and jµ is the electromagnetic current 1 for the
quarks. k is a Euclidean four-momentum, p is a three-
momentum, each quantized in units of 2π/L. δµν/k̂

2

(k̂µ ≡ 2 sin(kµ/2)) is the lattice photon propagator in

1 The point-split, exactly conserved, lattice current is used for the
internal vertices while the local current is inserted at the external
vertex.

FIG. 3. Perturbative expansion of the first term in Eq. (1)
with respect to QED. The symbols 〈, 〉QCD+q-QED and

〈, 〉q-QED represent the average over QCD+QED configura-

tions (UQCD, AQED) and that over AQED, respectively. Terms
represented by the ellipsis contain four or more internal pho-
tons and so their orders are higher than α3.

Feynman gauge. Sq and G denote Fourier transforma-
tion of D−1

mq
and D−1

mµ
, respectively, and spin and color

indices have been suppressed. One takes t′ ≫ top ≫ 0 to
project onto the muon ground state

lim
t′≫top≫0

〈ψ(t′,p′) jµ(top,q)ψ(0,p)〉HLbL =

〈0|ψ(0,p′)|p′, s′〉
2E′V

〈p′, s′|Γµ|p, s〉
〈p, s|ψ(0,p)|0〉

2EV

×e−E′(t′−top)e−Etop , (2)

where the matrix element of interest is parametrized as

〈p′, s′|Γµ|p, s〉 ≡

ū(p′, s′)

(
F1(q

2)γµ + i
F2(q

2)

2mµ
[γµ, γν ]qν

)
u(p, s). (3)

u(p, s) is a Dirac spinor, and q = p′ − p is the space-like
four-momentum transferred by the photon. To extract
the form factors F1 and F2, Eq. (1) is traced over spins
after multiplication by one of the projectors, (1 + γt)/4
or i (1 + γt)γjγk/4, where j, k = x, y, z and k 6= j. The
contribution to the anomaly is then found from aµ ≡
(gµ − 2)/2 = F2(0).

For now quenched QED (q-QED) is used for the QED
average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,

Average over combined gluon and photon gauge configurations

Quarks coupled to gluons and photons, muon coupled to photons

Correlation function and subtraction highly correlated
[Hayakawa, et al. hep-lat/0509016; Chowdhury et al. (2008); Chowdhury Ph. D. thesis (2009)]
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aµ(HLbL) in 2+1 flavor lattice QCD+QED

I Lattice size, 243 ((2.7 fm)3)

I Pion mass, mπ = 329 MeV

I Muon mass (190 MeV)

I 0.11 <∼ Q2 <∼ 0.31 GeV2

I Use All Mode Averaging (AMA)
I 63 (53) point sources/configuration = 216 (125)
I AMA approximation: “sloppy CG”, rstop = 10−4

[Blum, Hayakawa, and Izubuchi (arXiv:1301.2607)]
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aµ(HLbL) in 2+1f lattice QCD+QED (PRELIMINARY)

0 0.1 0.2 0.3 0.4
Q2 (GeV2)

-0.05

0

0.05

0.1

F 2(Q
2 )

Models

I Signal emerging in the
model ballpark

I model value/error is
“Glasgow Consensus”
(arXiv:0901.0306 [hep-ph])

I mπ = 329 MeV

I Stat. error only

I Low points: fewer
combinations in average.
Insufficient statistics?

[Blum, Hayakawa, and Izubuchi (Lattice 2013)]
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aµ(HLbL) in 2+1f lattice QCD+QED (PRELIMINARY)

Check of subtraction (using heavier quark and muon masses)

I Change charge to e = 0.84, 1.19

I HLbL amplitude (∼ e4) changes by ∼ 0.5 and 2 X

I while unsubtracted amplitude stays the same X
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aµ(HLbL)“Disconnected” diagrams

not calculated yet (not suppressed)

Omission due to use of quenched QED, i.e., sea quarks not
electrically charged. Two possibilities,

1. Re-weight in α (T. Ishikawa, et al., Phys.Rev.Lett. 109 (2012) 072002 ) or

2. dynamical QED(+QCD) in HMC

Use same non-perturbative method as for quenched QED
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I. HADRONIC LIGHT-BY-LIGHT CONTRIBUTION

Thus far, we foused primarily on the hadronic light-by-light contribution involving a

quark loop with four electromagnetic (EM) verties, called LBL(4).

Below, I list up all diagrams containing more than one quark loop having EM vertices

(with no lattice-artifact interactions) 1.

The hadronic light-by-light scattering diagrams with two quark loops having EM vertices

2

〈 〉

QCD

, (1)

〈 〉

QCD

, (2)

〈 〉

QCD

. (3)

1 All figures are brought from M.H.’s slide used at Lattice 2005. Sorry for difference of notations used in

Sec. II
2 Individual photon lines emanated from quark loops should be contracted with those attatched on the

muon lines in all possible ways.
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I call the contributions (1), (2) and (3) as LBL(1,3), LBL(2,2) and LBL(3,1), respectively

The hadronic light-by-light diagrams with three quark loops having EM vertices

〈 〉

QCD

, (4)

〈 〉

QCD

. (5)

I call the contributions (4) and (5) as LBL(1,1,2) and LBL(2,1,1), respectively.

The hadronic light-by-light diagrams with four quark loops having EM vertices

〈 〉

QCD

, (6)

I call the contribution (6) as LBL(1,1,1,1).
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II. NONPERTURBATIVE QED METHOD WITH FULL QED SIMULATION

The main terms that we compute by lattice simulation are 3

MC =

〈 〉

QCD+f-QED

, (7)

MC′ =

〈 〉

QCD+f-QED

, (8)

MD =

〈 〉

QCD+f-QED

. (9)

The subtraction term for the connected component with the internal vertices on the quark

loop different from the external vertex is

〈 〉

QCD+f-QED

SC =

〈 〉f-QED . (10)

The subtraction term for the connected component with photon emitted from the external

vertex is

〈 〉

QCD+f-QED

SC′ =

〈 〉f-QED . (11)

3 The second contribution (8) arises from the lattice-artifact interaction. It is necessary to guarantee the

gauge invariance at finite lattice spacing a.
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The subtraction term for the disconnected component with photon emitted from the external

vertex is

〈 〉

QCD+f-QED

SD =

〈 〉f-QED . (12)

Our new version of non-perturbative QED method, which incorporates all relevant

hadronic light-by-light scattering conitributions is

h-LBL +O(α4) =
1

3
[MC +MC′ +MD − SC − SC′ − SD] . (13)

A new finding here is that although individuals arise from MC + MC′ and/or MD with

distinct degeneracies, as shown in Table I, all hadronic light-by-light diagrams arise with

triplicate degeneracy in MC +MC′ +MD.

TABLE I: Origin of degeneracy factor

MC + MC′ MD

LBL(4) 3 0

LBL(1,3) 0 3

LBL(2,2) 1 2

LBL(3,1) 2 1

LBL(1,1,2) 0 3

LBL(2,1,1) 1 2

LBL(1,1,1,1) 0 3

III. METHOD TO CALCULATE THE DISCONNECTED CONTRIBUTION (9)

AND (12)

The diagrams (9) and (12) contain the quark loop without the external vertex. How we

can calculate them ?

5
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Diagrams in non-perturbative method have various “multiplicities”

The subtraction term for the disconnected component with photon emitted from the external

vertex is

〈 〉

QCD+f-QED

SD =

〈 〉f-QED . (12)

Our new version of non-perturbative QED method, which incorporates all relevant

hadronic light-by-light scattering conitributions is

h-LBL +O(α4) =
1

3
[MC +MC′ +MD − SC − SC′ − SD] . (13)

A new finding here is that although individuals arise from MC + MC′ and/or MD with

distinct degeneracies, as shown in Table I, all hadronic light-by-light diagrams arise with

triplicate degeneracy in MC +MC′ +MD.

TABLE I: Origin of degeneracy factor

MC + MC′ MD

LBL(4) 3 0

LBL(1,3) 0 3

LBL(2,2) 1 2

LBL(3,1) 2 1

LBL(1,1,2) 0 3

LBL(2,1,1) 1 2

LBL(1,1,1,1) 0 3

III. METHOD TO CALCULATE THE DISCONNECTED CONTRIBUTION (9)

AND (12)

The diagrams (9) and (12) contain the quark loop without the external vertex. How we

can calculate them ?

5

But, physical linear combination,
MC +MC ′ +MD

has overall factor of 3
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aµ(HLbL) Errors

Need to address

I statistics

I q2 → 0 extrapolation

I excited states/“around the world” effects

I Finite volume

I mq → mq, phys

I mµ → mµ, phys

I a→ 0

I QED renormalization

I · · ·
Even 20-30% total error, if solid, is very interesting
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Dark photon: U(1)′ extension(s) of SM (“dark charge”)

I Explanation for astrophysical obs. of excess positrons
(PAMELA, INTEGRAL,...). Contributes to aµ (Pospelov 2008)
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I γ′ − γ Mixing couples
SM, Dark sectors

I Like LO Schwinger term

I m = 10− 1000 MeV

I coupling ε2 = 10−8 − 10−2

I Pospelov (2008): explains
g − 2 discrepancy

I Assumes γ′ → e+e−

I Search at Mainz, RHIC, Jlab, ...
Plot courtesy Bill Marciano
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Summary/Outlook

I Important testing ground for new physics

I Hadronic contributions dominate theory error

I Demanding, but straightforward calculations

I Great interest in HVP in lattice community

I First HLbL lattice calculation encouraging
I Expected precision (next 3-5 years)

I E989 (J-PARC 34?): 0.14 PPM (3-4 better than E821)
I SM theory, HVP: 0.3% (factor of 2 exp, lattice?)
I SM theory, HLbL 10-20% (?)
I Same central values, aµ discrepancy → 5-8 σ
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